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ON BERMAN-GIBBS STABILITY AND K-STABILITY 
OF Q-FANO VARIETIES 

KENTO FUJITA 


Abstract. The notion of Berman-Gibbs stability was originally 
introduced by Robert Berman for Q-Fano varieties X. We show 
that the pair {X,—Kx) is K-stable (resp. K-semistable) provided 
that X is Berman-Gibbs stable (resp. semistable). 
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1. Introduction 


One of the most important problem for the study of Q-Fano varieties 
X (i.e., projective log-terminal varieties with —Kx ample Q-Cartier) 
is to determine whether the pairs (X, —Kx) are K-stable or not (for 
the notion of K-stability, see Section [2.ip . Recently, Robert Berman 
introduced a new stability of X, which he calls Gibbs stability, and 
its variants. The main purpose of this paper is to show that, slightly 
modifying the dehnition (we rename it as Berman-Gibbs stability), it 
implies the K-stability in Donaldson’s |Don02] and Tian’s |Tia97] sense. 
In particular, by |CDS12al ICDS12b[ ICDS13t ITial2] . it implies the ex¬ 
istence of Kahler-Einstein metric if X is smooth and the base held is 
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the complex number field. We remark that Robert Berman showed in 
[Berl31 Theorem 7.3] that strongly Gibbs stable Fano manifolds de¬ 
fined over the complex number field admit Kahler-Einstein metrics, 
where the notion of strong Gibbs stability is stronger than the notion 
of Berman-Gibbs stability. Now we define the notion of Berman-Gibbs 
stability. (We remark that the notion of Berman-Gibbs stability is 
slightly weaker than the notion of uniform Gibbs stability. For detail, 
see |Berl31 Section 7].) 


Definition 1.1. Let X be a projective variety and L be a globally 
generated Gartier divisor on X. Set N := h^{X,Ox{L)) and cj) := 
4>\l\- X where (j)\L\ is a morphism defined by the complete 

linear system \L\. Gonsider the morphism $: X^ (Jeg^ed 

by the copies of 0, that is, <F(a:i,..., := (0(a^i), • • •, 0(a^iv)) for 

xi, ... ,xn e X. Let DetAT C be the divisor defined by the 

equation det(xij)i<jj<Ar = 0, where 

( 3^11 : • • • : Xix', .; Xxi ■■■■'■ x^n) 

are the multi-homogeneous coordinates of (P^“^)^. We set the divisor 
Dx,l C X^ defined by Dx,l ■= "h* DetAr. 

Remark 1.2. The divisor Dx,l C X^ is defined uniquely by X and the 
linear equivalence class of L. In particular, the definition is independent 
of the choice of the basis of i7°(X, Ox{L)). 


Definition 1.3 f |Berl31 (7.2)]). Let X be a Q-Fano variety. For k G 
Z>o with —kKx Gartier and globally generated, we set N := := 

h\X,Ox{-kKx)) and := Dx,-kK^ C X^. Set 


liX) : = 


lim inf 

/c—>•00 

—kKx'- Cartier 




where Ax(— X) is the diagonal, that is. 

Ax := {(x,..., x) G X^ I a: e X} C X^, 

and lctA_,f (X^, {l/k)Dk) is the log-canonical threshold (see |Laz041 §9]) 
of the pair (X^, {l/k)Dk) around Ax, that is. 


IctAx ( 1 1 := sup <! c G 


-Dk 

'k 


log-canonical 
around Ax 


We say that X is Berman-Gibbs stable (resp. Berman-Gibbs semistable) 
if 7 (X) > 1 (resp. 7 (X) > 1). 


We show in this paper that Berman-Gibbs stability implies K-stability 
for any Q-Fano variety. More precisely, we show the following: 
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Theorem 1.4 (Main Theorem). Let X be a Q-Fano variety. If X 
is Berman-Gibbs stable {resp. Berman-Gibbs semistable), then the pair 
{X,—Kx) is K-stable {resp. K-semistable). 

Now we explain how this article is organized. In Section [2Tl we recall 
the notion and basic properties of K-stability. In Section 12.21 we recall 
the notion and basic properties of multiplier ideal sheaves, which is a 
powerful tool to determine how much the singularities of given divisors 
or given ideal sheaves are mild. In Section [21 we determine whether 
the projective line is Berman-Gibbs stable or not. We will see that 
is Berman-Gibbs semistable but is not Berman-Gibbs stable. In 
Section 01 we prove the key propositions in order to prove Theorem 
oi We will prove in Proposition 14.21 that Berman-Gibbs stability of 
X implies that the singularity of a given certain ideal sheaf on X x 
is somewhat mild. The strategy of the proof of Proposition 14.21 is to see 
their multiplier ideal sheaves in detail. In Section [21 we prove Theorem 
11.41 By combining the results in [OS12j , Proposition 14.21 and by some 
numerical arguments, we can prove Theorem 11.41 

Acknowledgments. The author would like to thank Professor Robert 
Berman and Doctor Yuji Odaka for his helpful comments. Especially, 
Doctor Yuji Odaka informed him the interesting paper [Berl3j and Pro¬ 
fessor Robert Berman pointed out Remark 15.21 The author is partially 
supported by a JSPS Fellowship for Young Scientists. 

Throughout this paper, we work in the category of algebraic (sepa¬ 
rated and of hnite type) scheme over a hxed algebraically closed held k 
of characteristic zero. A variety means a reduced and irreducible alge¬ 
braic scheme. For the theory of minimal model program, we refer the 
readers to |KM98j : for the theory of multiplier ideal sheaves, we refer 
the readers to |Laz04j . For varieties Xi,..., X^r, let pj ; ni<i<Af 
Xj be the j-th projection morphism for any 1 < j < X. 

2. Preliminaries 

In this section, we correct some dehnitions. 

2.1. K-stability. We quickly recall the dehnition and basic proper¬ 
ties of K-stability. For detail, for example, see |Odkl3] and references 
therein. 

Definition 2.1 (see |Tia971 [Don021 [RT071 IOdkl31 ILX14] j. Let X be 
a Q-Fano variety of dimension n. 

(1) A flag ideal is an ideal sheaf C (PxxAj of the form 

^ = Im + IjM-lt + ■ ■ ■ + Ifl^ ^ + {t^) C OxxAfl 
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where Ox D /i D ■ ■ ■ D /m is a sequence of coherent ideal 
sheaves. 

(2) Let be a flag ideal and let s G Q>o- A normal Q-semz test 

configuration of {X,—Kx) obtained by ^ and s is 

dehned by the following datum: 

• fl: ^ X X is the blowing up along and let E be 
the exceptional divisor, that is, Ob{—E) := J'Ob, 

. C-.= Wp\{-Kx)-sE, 
and we require the following conditions: 

• is normal and the morphism fl is not an isomorphism, 

• £ is semiample over A^. 

(3) Let 71: {B,C) —)■ A^ be a normal Q-semi test conhguration of 

(X, —Kx) obtained by and s. For a sufficiently divisible 
positive integer k, the multiplicative group Gm naturally acts on 
{B, OB^kC)) and the morphism vr is Gm-equivariant, where the 
action x A^ —)■ A^ is in a standard way (a, f) i—)■ at. Let w{k) 

be the total weight of the induced action on (7r*C>g(fc£))|{o} and 
set Xfc := h°(X, Ox{—kKx)). Then w{k)k'Nk/ — w{k')kNk is a 
polynomial in variables k and k' for fc, k' sufficiently divisible 
positive integers. Let DF(i3, C) be its coefficient in k'^^^k'^, and 
is called the Donalds on-Futaki invariant of {B,C)/A^. We set 
DFq := 2((n + 1)!)^ DF(S, £)/((—Xx)'"") for simplicity. 

(4) The pair (X, —Kx) is said to be K-stable (resp. K-semistable) 
if DF{B,C) > 0 (resp. DF{B,C) > 0) holds for any normal Q- 
semi test conhguration {B,C)/A^ of (X, —Kx) obtained by 
and s. 

The following is a fundamental result. 

Theorem 2.2 f |OS12[ [Odkl3] L Let X he a Q-Fano variety of dimen¬ 
sion n, {B, C)/A^ be a normal Q-semz test configuration of (X, —Kx) 
obtained by and s, and (S, £)/P^ be its natural compactification to 
that zs, fl: S —)■ X X P^ be the blowing up along ^ and C := 
II*pI{—Kx) — sE on B. Then the following holds: 

(1) For a sufficiently divisible positive integer k, we have 
w{k) = xiB, OsikC)) - x{B, U*plOxi-kKx)) + 0{k^-^). 

In particular, we have 

w{k) (£■"+!) 

hm -= -^^-. 

fc-^-oo kN]f (n + 1)((—Xx)'"") 
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(2) We have 

71 — — 

DF„ = (£■"+■)+ (£-".AV.) 

n + 1 ' 

= Tt('^ ■ -^g/Axpi ~ ^E)- 

n + 1 ' 

(3) We have (£'” ■ E) > 0. 

(4) If Kg^xxv^ ~ sE > 0, then DFq > 0. 

Proof. ([1]) and ([2]) follow from |Odkl31 Proof of Theorem 3.2], (jS]) fol¬ 
lows from |OS121 Lemma 4.5], and (jl]) follows from |OS12] Proposition 
4.4]. □ 

2.2. Multiplier ideal sheaves. We recall the definition and basic 
properties of mnltiplier ideal sheaves. 

Definition 2.3. Let F be a normal Q-Gorenstein variety, Oi,..., a/ C 
Oy be coherent ideal sheaves and Ci,..., q G Q>o- The multiplier ideal 
sheaf X(y, ■ af) C Oy of the pair {Y, ■ af) is defined by the 

following. Take a common log resolution /i: F —)■ F of Oi,... O;, i.e., 
F is smooth, UiOy = Oyi—Ei) and Exc(/x), Exc(/x) -|- J2i<i<iEi are 
divisors with simple normal crossing supports. Then we set 

I(K,a? ■ ■. af) := ^L.Oy{\Ki.,y - ^ c.f’.l), 

l<i<l 

where iKy^y — J2i<i<WiEi~\ is the smallest Z-divisor which contains 

Ey/y ~ J2i<i<i 

The following proposition can be proved essentially same as the 
proofs in |Laz041 §9]. We omit the proof. 

Proposition 2.4 (see |Laz041 §9]). We have the following: 

(1) X(F, ■ a'l’-) does not depend on the ehoice of ja. 

(2) For an effeetive Cartier divisor D onY, we have 

X{Y, Oy{-Dfaf • ■ ■ <*) = X(F, af • ■ ■ <*) 0 Oy{-D). 

(3) If eoherent ideal sheaves bi,..., b; C Oy satisfy that a* C b* for 
all 1 < i < I, then 

X(F,ar---af)cX(F,br---bf). 

(4) Let Y' he another normal Q-Gorenstein variety, bi,..., b;/ C 

Oyi he coherent ideal sheaves and G Q>o- Then we 

have 

X(F X Y',pf^oIf ■ --pf^af ■ pf^bf ■ ■ -pf^b^f') 

= pf^X{Y,oIf---ar)-pf^X{Y',bf---bj). 
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The following theorem is a singular version of Mustafa’s summation 
formula |Mus021 Corollary 1.4] due to Shunsuke Takagi. 

Theorem 2.5 f [Tak06[ Theorem 3.2]). LetY be a normalQ-Gorenstein 
variety, let ao,ai,...,a; C Oy be eoherent ideal sheaves and let Cq, 
c G Q>o- Then we have 

\ i=l / ciH- \-ci=c \ i=l 

ci,...,CiGQ>o 



3. The projective line case 


In this section, we see whether the projective line is Berman- 
Gibbs stable or not. For any k G Zi>o, we have Nk = 2k + 1 and 
the morphism associated to the complete linear system | — kKpi\ is 
the (2/c)-th Veronese embedding P^ —)• P^^. If the multi-homogeneous 
coordinates of denoted by 


(^1,0 • ^l,i; ■ ■ ■ ; ^2A:+1,0 • ^2fc+l,l)5 

then the divisor Dk C corresponds to the following section: 

/ ±2k y.2fc-lj.l J.1 y.2A;-l 

'' 1,0 '' 1,0 '' 1,1 ■ ■ ■ '' 1 , 0''!,1 


j.2fc ^2k-l J.1 y.1 j.2fc-l 

\''2fc-|-l,0 ''2fc+l,0''2fc-|-l,l ■ ■ ■ ''2fc+l,0''2fc+l,l 

The above matrix is so-called the Vandermonde matrix. Thus, around 
0 e ^ the divisor Dk C is dehned by 

the polynomial fk G k[Mi,..., U 2 k+i], where 


\ 

ti+i,i/ 


fk • (ll* ^j)- 

l<*<i<2fc+l 


By Lemma Em lcto(A^^+^, {fk = 0)) = 2/{2k + 1). Thus 

IctA^i {l/k)Dk) = 2k/{2k + 1). 

Hence 7(P^) = 1. As a consequence, the projective line P^ is Berman- 
Gibbs semistable but is not Berman-Gibbs stable. 


Lemma 3.1 f |Mus06j L For g > 2, we have 


Icto 



Vg- 
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Proof. Set D := ~ '^j) = 0) C A^. Let r: V —)■ 

be the blowing up along the line (mi = • • • = Ug) and let F be its 
exceptional divisor. For c G Q>o, the discrepancy a(F, A^, cD) is equal 
to — 2 — cg{g — l)/2. Thus lcto(A^, D) < ‘Ijg. Hence it is enough to 
show that lct(A^,Zi)) > 2/g. 

Let Hij C PiP be the hyperplane dehned by Ui — Uj = 0 and set 

set 


L{A) := \w CA3 ^A' CA;W = [] ny 


HeA' 


For W G L(A), set s{W) := if{H G ^ | hF C Lf} and r{W) : = 
codiniAs W. By |Mus06l Corollary 0.3], 



Pick any W G L{A) \ {A®} and set r := r{W). It is enough to show 
that s(W) < r(r + l)/2. If r = 1, then s(W) = 1. Thus we can 
assume that r > 2. There exist distinct ..., Lfpjv- ^ such that 


w = n • • • n 


Assume that ii,ji ^ {*2,22, • • • ,*r, Jr}- For any Hij G L{A), if hF C 
Hij then Hi^^j^ = Hij or iLi2i2 H • • ■ fl Hi^j^ C Hij. Thus s(fF) = 
l + S{Hi,g,P---nHi^g^) < 1 + r(r — l )/2 < r(r + l )/2 by induction on 
r. Hence we can assume that (io :=)h = *2- 

Assume that io,ji,j 2 ^ {* 3 , js, • • •, A,2r}- For any Hij G L{A), if 
W C Hij then Hi^j^ fl “F Hij or Hi^j^ n • • • fl Hi^j^ C Hij. Thus 
s{W) = s{Hi,g^nHigj,)+s{Hi,j,n- ■ -HHi^g^) < 2-3/2+(r-l)(r-2)/2 < 
r(r + l)/2 by induction on r. Hence we can assume that G {*o,2i,22}- 
If is = ji, then Hi^j^nHj^j^ = Hi^j^DHi^j^. By replacing Hj^j^ to Hi^j^, 
we can assume that (zq =)h = *2 = * 3 - 

We repeat this process. (We note that, for any 1 < j < r — 1, 
j{j + l)/2 + (r — j){r — j + l)/2 < r{r + l)/2.) We can assume that 
(*o =)h = = ir- For any Hij G L{A), the condition W C Hij 

is equivalent to the condition {i,j} C {io, ji, ■ ■ ■, jr}- Thus s(hF) = 
r(r + l)/2. Therefore we have proved that s(fF) < r(r + l)/2. □ 


4. Key propositions 


In this section, we see the key propositions in order to prove Theorem 
11.41 Throughout the section, let W be a Q-Fano variety of dimension 
n and let (H, £)/A\ s, and so on are as in Section [2Tl 


Lemma 4.1. Let k be a sufficiently divisible positive integer. 
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(1) (c/. [RTOTl §3-4]) Set Jq := Ox- also set 

hi ■ ■ ■ hks 

jiH—i-ifes=j 

0<jl,-"Jks<M 

for all 0 < j < Mks. Then = iMks + luks-it + ■ ■ • + 
j^^Mks-i _|_ ^^Mksy Consider the filtration 

H\X, Oxi-kKx)) = J-Q D J-i D ■ ■ ■ D XMks 3 0 

defined byXj := H^{X,Ox{—kKx)-Ij). Setm := 

Then m = NMks + w holds, where w = w{k) and N = Nk are 
as in Definition \2.1\ ([3]) . 

(2) Let lij C Oxi be the copies of fi C Ox (Xi := X) for all 
1 < i < N and set 

h ■= Pi^h,n ■ ■ C OxN 

iiH— \-jN=j 

for all 0 < j < NMks. Then OxN{—Dk) C Jm holds. 


Proof. ([H) By [RTOTi §3-4], (7r*C>e(fc£))|{o} is equal to 
H\X X k\, Oi-kKx.^i) • ■ HhX X Al Oi-kKx^^fi • 


and is also equal to 

Mks 

^Mks ® ^^Mks—j/^Mks—j-\-l^‘ 

j=^ 

Thus w = YlfJih-j)idimXMks-j - dimXMks-j+i) = -Mks dimX q + 
dimXj. This implies that m = NMks + w. 
l)2|) Choose a basis Si,... ,sn G H^{X, Ox{—kKx)) along the hltra- 
tion {Xj}o<j<Mks- For I <j < N, set 

/(j) := max{0 < i < Mks \ Sj G Xi}. 

Let Sji, • • •, SiN G H^{Xi, Oxfi—kKxfi) be the Tth copies of si, ..., sx 
for all 1 < i < X. Then the divisor Dk C X^ corresponds to the 
section 


sgna • Sio-(i) • • • Sjvo-(A) ^ ,OxN{—kKxN)), 

where ©at is the X-th symmetric group. Take any a E &n- Since 
Sij G we have 

’Slo-(l) • • • Sxa-{N) £ Pi Jl,/(o-(l)) • • ' PN^N,f{a-{N))- 
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Note that Eii/(^(^)) = Eii/(*) = J2f=o “ dimJ'j+i) = 

m, where TMks+i ■= 0. Thus Ox^i-Dk) C Jm- □ 

Proposition 4.2. Assume that a positive rational number 7 G Q>o 
satisfies that, for a sufficiently divisible positive integer k, the pair 
{X^, {'y/k)Dk) is log-canonical around Ax ■ Then for any e G (0, l)nQ 
and any sufficiently big positive integer P , the structure sheaf Oxxa^ 
is contained in the sheaf 

X (X X A\ (t)(i-^)(i+W(fciv))+p . ^(i-shsj ^ OxxA^iP ■ if = 0)) 

{that is, the pair {X x “sub-log-canonical”), 

where w = w{k) and N = Nk are as in Definition \2.1\ ([3]). 


Proof We set 
0 := 
A := 
B := 


for simplicity. 


j = (ji, ■ ■ -Jn) 


ilH- \-iN=m, \ 

0<jl,—,jN<Mks f 1 


a = [a 


Ej6e«J=(l-e)7A, 


jJj&e 

= ifio, . . . , fiMks) 
f, (^0) • • • ) ^Mks) 


aj6Q>o 

l3o,---,hMkB&Q>0, 1 
hj=a-Ay/k / ’ 

? 0 vi ? MfcsS ( Q > 0 , 

E,Xo*«.'=(i-£)7/fc, 

Pj>A-ehm/{kN) 


Claim 4.3. We have the equality 

( Mks \ 

.7, n ■ 

*=0 / 


Proof of Claim \4-^ By Proposition 12.41 Theorem 12.51 and Lemma 14.11 
around Ax, we have 


OxN = X{X^ ,OxN{-Dk)^^-^^^/^) 





a&A Jg© 


= EprT(.n. n A.) • • ■pyi(Av. n PA- 

a&A Jg© Jg© 
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Restricts to Ax, we have 


Ox=^ i( A', n liD • • v( A. n rs) ■ 

oGA Jg0 Jg0 

Fix an arbitrary a G A. Since 

^ api + --- + Y^ apN = (1 - e)'ym/k, 

Jee 7ee 

we have Xljee A (1 — 8 )^ 171 /(kN) for some 1 < g < A. We set 


E 


Oi-, 


j&&\ jq=i 


for 0 < i < Mks. Then ^:= (^ 0 , • • •, ^Mks) ^ S and 


4 ’^. n 5 

Jg0 


Mks 


I A.If/f 


i=0 


Therefore we have proved Claim 031 


□ 


By Proposition 12.41 (HI) and Claim 14.31 we have 


Mks 


Oxy.A-P ■ (t = 0 )) = X (O'”'*'’ ■ n c 


«6S 


i=0 


For any ^ G S, since (1 — £)(1 + 7 m/(fcA)) + P — 4 1 — £ + P, 

we have 


Mks 

X[XxK\ ■ JJ if 

i =0 

C x{x X A\ (t)(i-=)(i+W(fc^))+^’-E^o"*6 . JJ 


Mks 


i=0 
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On the other hand, by Lemma 14.11 (fT|) and Theorem 12.51 we have 
X{X xA\ (t)(i-^)(i+ 7 W(fc^))+i^. ^(i-£) 7 *) 

{l-£)7/fc 




Mks 


—e){l—'y{Ms—m/{kN)))-\-P 


Mks—i \ 


^l(XxA‘,(i) 

0&B 


i=0 
Mks 

1 /^\(l-e)(l-'i{Ms-m/(kN)))+P _ 


E(‘) 

) 

Mks 

n(w 


2=0 


Mks—i \ 


Mks 


*=0 

Since H C 5, we have proved Proposition 14.21 

5. Proof of Theorem 11.41 


'A 


□ 


In this section, we prove Theorem 11.41 Let X be a Q-Fano variety of 
dimension n and set 7 := 7 (X). We assume that 7 > 1. Let {B, C)/A^ 
be a normal Q-semi test conhguration of {X, —Kx) obtained by ^ 
and s and let A, S, C and so on are as in Section l2Tl Let {AaIasa be 
the set of Il-exceptional prime divisors. We note that A 7 ^ 0 since the 
morphism 11 is not an isomorphism. We set 


AeA 

:= n*Xo-Xo, 

AeA 

:= E 


AeA 

as in |OS12] , where Xq is the fiber of p 2 : -A x —)■ at 0 G 

and Xq is the strict transform of Xq in 8. We note that bx, cx G Z>o 
and ax — bx + I > 0 for any A G A since the pair (X x P^,Xo) is 
purely-log-terminal. We set 

, r 7'SCa - (oa - 6a + 1) 

a := max <-;- 

AeA 1^ 7 &a 

By Theorem 12.21 (l4l) , we can assume that d > 0. 


Claim 5.1. We have the inequality: 

_(£.n+l) 


(n+l)((-/<'x)-”) 


> d. 
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Proof of Claim 1 5. A For any sufficiently small positive rational numbers 
e and e', by Proposition 14.21 the coefficient of 


-^B/xxpi “ (1 “ ^)(1 + (7 ~ (^-^))n*Xo — (1 — £)(7 — e')sE 

at E\ is strictly bigger than —1 for any A G A and for any sufficiently 
divisible positive integer k. Thus, by Theorem EKnii, we have 

for any A G A. Hence we have proved Claim [5Tl □ 


By Claim 15.11 we have the inequalities: 

DFo = +(£■”■ 

AgA 

> (£■" • dn*Xo + 5^(aA - sca)^a) 

aga 

= diC^ ■ Xo) + 

aga 

> (^C^-J2idbx + ax-scx)E^y 

aga 

For any A G A, 

dbx + ax- scx>- {'jscx - {ax -bx + 1 )) + oa - sca 

7 

= - -(oa ~ &A + 1) + ^A ~ 1 ^ - -(oa ~ ^A + 1) 

7 7 


holds. Hence 


DFq > 


7-1 

7 


(£'"- 5 ^(aA- 6 A + l)i?A). 
aga 


By Theorem 12.21 (l3|). (£ " ■ X]aga(®a — bx + ^)Ex) > 0 holds. Therefore, 
DFq > 0 holds. Moreover, if 7 > 1, then DFq > 0 holds. 

As a consequence, we have proved Theorem 11.41 


Remark 5.2. Robert Berman pointed out to the author that there is 
an analogy between the argument after Claim 15.11 and the argument in 
[Berl21 Lemma 3.4]. In fact, the argument in |Berl21 Lemma 3.4] gives 
the inequality 

DFo ^ -(£-+ 1 ) 

ii-Kx)-) - {n + m-Kx)-) 
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where 


do := max < 0, max 

AeA 


scx - ax 
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